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Iterated funtions system (IFS) is dened by speifying a set of funtions in a lassial phase
spae, whih at randomly on an initial point. In an analogous way, we dene a quantum iterated
funtions system (QIFS), where funtions at randomly with presribed probabilities in the Hilbert
spae. In a more general setting a QIFS onsists of ompletely positive maps ating in the spae of
density operators. This formalism is designed to desribe ertain problems of nonunitary quantum
dynamis. We present exemplary lassial IFSs, the invariant measure of whih exhibits fratal
struture, and study properties of the orresponding QIFSs and their invariant states.
PACS numbers: 02.50.Ga, 03.65.Yz, 05.45.Df
Keywords: iterated fun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I. INTRODUCTION
An iterated funtion system (IFS) may be onsidered as a generalization of a lassial dynamial system, whih
permits a ertain degree of stohastiity. It is dened by a set of k funtions fi : Ω→ Ω, i = 1, . . . , k, whih represent
disrete dynamial systems in the lassial phase spae Ω. The funtions fi at randomly with given plae-dependent
probabilities pi : Ω → [0, 1], i = 1, . . . , k,
∑k
i=1 pi = 1 [1℄. They haraterize the likelihood of hoosing a partiular
map at eah step of the time evolution of the system.
There exist dierent ways of investigating suh random systems. Having dened an IFS, one may ask, how is an
initial point x0 ∈ Ω transformed by the random system. In a more general approah, one may pose a question that
how does a probability measure µ on Ω hange under the ation of the Markov operator P assoiated with the IFS. If
the phase spae Ω is ompat, the funtions fi are strongly ontrating, and the probabilities pi are Hölder ontinuous
and positive (i.e. pi > 0), then there exists a unique invariant measure µ∗ of P  see for instane [1, 2, 3℄, and
referenes therein.
For a large lass of IFSs, the invariant measure µ∗ has a fratal struture. Suh IFSs may be used to generate
fratal sets in the spae Ω. In partiular, iterated funtion systems leading to well-known fratal sets, suh as the
Cantor set or the Sierpi«ski gasket, an be found in Ref. [1℄. These intriguing properties of IFSs allowed one to apply
them for image ompression, proessing, and enoding [1, 4, 5℄.
Iterated funtion systems an also be used to desribe several physial problems, where deterministi dynamis
is ombined with the random hoie of interation. In partiular, IFSs belong to a larger lass of random systems
studied in Ref. [6, 7℄. Suh a omposition of deterministi and stohasti behavior is important in numerous elds of
siene, sine very often an investigated dynamial system is subjeted to an external noise.
Nondeterministi dynamis may also be relevant from the point of view of quantum mehanis. Although unitary
time evolution of a losed quantum system is purely deterministi, the problem hanges if one tries to take into
aount proesses of quantum measurement or a possible oupling with a lassial system. In the approah of Event
Enhaned Quantum Theory (EEQT) developed by Blanhard and Jadzyk [8℄, the quantum time evolution is pieewise
deterministi and in ertain ases may be put into the framework of iterated funtion systems [9, 10℄. While some
∗
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2reent investigations in this area onentrate mostly on IFS's ating in the spae of pure states [11℄, we advoate a
more general setup, in whih IFS's at in the spae of mixed quantum states.
The main objetive of this paper is to propose a general denition of quantum iterated funtion system (QIFSs).
Formally, it sues to onsider the standard denition of IFS and to take for Ω an N -dimensional Hilbert spae HN .
Instead of funtions fi, i = 1, . . . , k, representing lassial maps, one should use linear funtions Fi : HN → HN , whih
represent the orresponding quantum maps. Alternatively, one may onsider the spaeMN of density matries of size
N and onstrut an iterated funtion system out of k positive maps Gi :MN →MN . The QIFSs dened in this way
an be used to desribe proesses of quantum measurements, deoherene, and dissipation. Moreover, QIFSs oer
an attrative eld of researh on the semilassial limit of quantum random systems. In partiular, it is interesting
to explore quantum analogues of lassial IFSs, whih lead to fratal invariant measures, and to investigate, how do
quantum eets smear fratal strutures out.
This paper is organized as follows. In the following setion we reall the denition and basi properties of the lassial
IFSs, and disuss several examples. In Se. III we propose the denition of QIFSs, investigate their properties, and
relate them to the notion of quantum hannels and omplete positive maps used in the theory of quantum dynamial
semigroups. The quantumlassial orrespondene is a subjet of Se. IV, in whih we ompare dynamis of exemplary
IFSs and the related QIFSs. Conluding remarks are presented in Se. V.
II. CLASSICAL ITERATED FUNCTION SYSTEMS
Consider a ompat metri spae Ω and k funtions fi : Ω → Ω, where i = 1, . . . , k. Let us speify k probability
funtions pi : Ω→ [0, 1] suh that for eah point x ∈ Ω the ondition
∑k
i=1 pi(x) = 1 is fullled. Then the funtions fi
may be regarded as lassial maps, whih at randomly with probabilities pi. The set FCl := {Ω, fi, pi : i = 1, . . . , k}
is alled an iterated funtion system (IFS).
LetM(Ω) denotes the spae of all probability measures on Ω. The IFS FCl generates the followingMarkov operator
P ating on M(Ω)
(Pµ)(B) =
k∑
i=1
∫
f−1
i
(B)
pi(x)dµ(x) , (1)
where B is a measurable subset of Ω and a measure µ belongs to M(Ω). This operator represents the orresponding
Markov stohasti proess dened on the ode spae onsisting of innite sequenes built out of k letters whih label
eah map fi. On the other hand, P desribes the evolution of probability measures under the ation of FCl.
Consider an IFS dened on an interval in R and onsisting of invertible C1 maps {fi : i = 1, . . . , k}. This IFS
generates the assoiated Markov operator P on the spae of densities [12℄, whih desribes one step evolution of a
lassial density γ
P [γ](x) =
∑
i
pi
(
f−1i (x)
)
γ
(
f−1i (x)
) ∣∣∣∣df−1i (x)dx
∣∣∣∣ , (2)
where for x ∈ Ω the sum goes over i = 1, . . . , k, suh that x ∈ fi(Ω).
Let d(x, y) denotes the distane between two points x and y in the metri spae Ω. An IFS FCl is alled hyperboli,
if it fullls the following onditions for all i = 1, ..., k:
(i) fi are Lipshitz funtions with the Lipshitz onstants Li < 1, i.e., they satisfy the ontration ondition
d(fi(x), fi(y)) ≤ Lid(x, y) for all x, y ∈ Ω;
(ii) the probabilities pi are Hölder ontinuous, i.e., they fulll the ondition |pi (x)− pi (y)| ≤ Kid (x, y)α for some
α ∈ (0, 1], Ki ∈ R+ for all x, y ∈ Ω;
(iii) all probabilities are positive, i.e., pi(x) > 0 for any x ∈ Ω.
The Markov operator P assoiated with a hyperboli IFS has a unique invariant probability measure µ∗ satisfying
the equation Pµ∗ = µ∗. This measure is attrative, i.e., P
nµ onverges weakly to µ∗ for every µ ∈ M(Ω) as n→∞.
In other words,
∫
Ω
u dPnµ tends to
∫
Ω
u dµ∗ for every ontinuous funtion u : Ω → R. Let us mention that the
hyperboliity onditions (i)-(iii) are not neessary to assure the existene of a unique invariant probability measure -
some other, less restritive, suient assumptions were analyzed in Refs. [2, 3, 13, 14, 15, 16, 17℄.
Observe that in the above ase, in order to obtain the exat value of an integral
∫
Ω u dµ∗, it is suient to nd the
limit of the sequene
∫
Ω u d(P
nµ) for an arbitrary initial measure µ. This method of omputing integrals over the
invariant measure µ∗ is purely deterministi [1℄. Sometimes it is possible to perform the integration over the invariant
measure analytially, even though µ∗ displays fratal properties [18℄. Alternatively a random iterated algorithm may
be employed by generating a random sequene xj ∈ Ω by the IFS, j = 0, 1, . . . , whih originates from an
3initial point x0. Due to the ergodi theorem for IFSs [2, 19, 20℄, the mean value (1/n)
∑n−1
j=0 u(xj) onverges with
probability one in the limit n→∞ to the desired integral ∫
Ω
u dµ∗ for a large lass of u.
If probabilities pi are onstant we say that an IFS is of the rst kind. Suh IFSs are often studied in the mathematial
literature (see Ref. [1℄ and referenes therein). Moreover they have also some appliations in physis. For example,
they were used to onstrut multifratal energy spetra of ertain quantum systems [21℄, and to investigate seond
order phase transitions [22℄. On the other hand, IFSs with plae-dependent probabilities an be assoiated with some
lassial and quantum dynamial systems [3, 20, 23, 24, 25, 26, 27℄. In analogy with the position-dependent gauge
transformations suh IFSs may be alled iterated funtion systems of the seond kind [18℄.
If Ω is a ompat subset of Rn, while dE(x, y) represents the Eulidean distane, or Ω is a ompat manifold (e.g.
sphere S2 or torus T n) equipped with the natural (Riemannian) distane dR, then an IFS will be alled lassial.
For onreteness we provide below some examples of lassial IFSs. The rst example demonstrates that even simple
linear maps fi may lead to a nontrivial struture of the invariant measure.
Example 1. Ω = [0, 1], k = 2, p1 = p2 = 1/2 and two ane transformations are given by f1(x) = x/3 and f2(x) =
x/3 + 2/3 for x ∈ Ω. Sine both funtions are ontinuous ontrations with Lipshitz onstants L1 = L2 = 1/3 < 1,
this IFS is hyperboli. Thus, there exists a unique attrating invariant measure µ∗. It is easy to show [1℄ that µ∗ is
onentrated uniformly on the Cantor set of the fratal dimension d = ln 2/ ln 3.
The next example presents an IFS of the seond kind.
Example 2. As before, Ω = [0, 1], k = 2, f1(x) = x/3, and f2(x) = x/3+2/3 for x ∈ Ω. The probabilities are now
plae dependent, p1(x) = x and p2(x) = 1− x. Although this IFS is not hyperboli (ondition (iii) is not fullled), a
unique invariant measure µ∗ still exists. It is also onentrated on the Cantor set, but now in a non-uniform way [18℄.
The measure µ∗ displays in this ase multifratal properties, sine its generalized dimension depends on the Rényi
parameter.
Example 3. Ω = [0, 1]× [0, 1] ⊂ R2, k = 4, p1 = p2 = p3 = p4 = 1/4. Four ane transformations are given by
f1
(
x
y
)
=
(
1/3 0
0 1
)(
x
y
)
, f2
(
x
y
)
=
(
1/3 0
0 1
)(
x
y
)
+
(
2/3
0
)
,
f3
(
x
y
)
=
(
1 0
0 1/3
)(
x
y
)
, f4
(
x
y
)
=
(
1 0
0 1/3
)(
x
y
)
+
(
0
2/3
)
. (3)
Also, this IFS is not hyperboli, sine the transformations fi are not globally ontrating, the former two ontrat
along xaxis, while the latter two along y axis only. An invariant measure µ∗ for this IFS is presented in Fig. 1d. The
support of µ∗ is the Cartesian produt of two Cantor sets. Thus, its fratal dimension is d = 2 ln 2/ ln 3.
Example 4. Let Ω = S2. Take k = 2, p1 = p2 = 1/2, and hoose f1 to be the rotation along zaxis by angle
χ1 (later referred to as Rz(χ1)). In the standard spherial oordinates, f1(θ, φ) = (θ, φ + χ1). The seond funtion
f2 is a rotation by angle χ2 along an axis inlined by angle β with respet to zaxis. Sine both lassial maps are
isometries this IFS is by no means hyperboli. The properties of the Markov operator depend on the angle β, and
the ommensurability of the angles χi. However, the Lebesgue measure on the sphere is always an invariant measure
for this IFS.
Example 5. Ω = [0, 1], k = 2, p1 = p2 = 1/2, f1(x) = 2x for x < 1/2, and f1(x) = 2(1 − x) for x ≥ 1/2 (tent
map); f2(x) = 2x for x < 1/2 and f2(x) = 2x − 1 for x ≥ 1/2 (Bernoulli map). Both lassial maps are expanding
(and haoti), thus the IFS is not hyperboli. The Lebesgue measure in [0, 1] is an invariant measure µ∗ for this IFS.
III. QUANTUM ITERATED FUNCTION SYSTEMS
A. Pure states QIFSs
To desribe a quantum dynamial system we onsider a omplex Hilbert spae H. When the orresponding lassial
phase spae Ω is ompat, the Hilbert spae HN is nite dimensional and its dimension N is inversely proportional
to the Plank onstant ~ measured in the units of the volume of Ω. Analyzing quantum systems, N is usually treated
as a free parameter, and the semilassial limit is studied by letting N →∞.
A quantum state an be desribed by an element |ψ〉 of HN normalized aording to 〈ψ|ψ〉 = 1. Sine for any
phase α the element |ψ′〉 = eiα|ψ〉 desribes the same physial state as |ψ〉, we identify them, and so the spae of all
4pure states PN has 2N − 2 real dimensions. From the topologial point of view, it an be represented as the omplex
projetive spae CPN−1 equipped with the FubiniStudy (FS) metri given by
DFS(|φ〉, |ψ〉) = arccos |〈φ|ψ〉| . (4)
It varies from zero for |φ〉 = |ψ〉 to π/2 for any two orthogonal states. In the simplest ase of a two-dimensional
Hilbert spae H2 the spae of pure states P2 redues to the Bloh sphere, CP 1 ≃ S2, and the FS distane between
any two quantum states equals to the natural (Riemannian) distane between the orresponding points on the sphere
of radius 1/2.
Denition 1. To dene a (pure states) quantum iterated funtion system (QIFS) it is suient to use the general
denition of IFS given in Set. II, taking for Ω the spae PN . We speify two sets of k linear invertible operators:
• Vi : HN → HN (i = 1, . . . , k), whih generates maps Fi : PN → PN (i = 1, . . . , k) by
Fi (|φ〉) := Vi (|φ〉)‖Vi (|φ〉)‖ . (5)
• Wi : HN → HN (i = 1, . . . , k), forming an operational resolution of identity,
∑k
i=1W
†
i Wi = 1, whih generates
probabilities pi : PN → [0, 1] (i = 1, . . . , k) by
pi (|φ〉) := ‖Wi (|φ〉)‖2 (6)
for any |φ〉 ∈ PN .
Clearly, for any |φ〉 ∈ PN the normalization ondition
∑k
i=1 pi(|φ〉) = 1 is fullled. In this situation a QIFS may
be dened as a set
FN = {PN ; Fi : PN → PN ; pi : PN → [0, 1] : i = 1, ..., k} . (7)
Suh a QIFS may be realized by hoosing an initial state |φ0〉 ∈ PN and generating randomly a sequene of pure
states (|φj〉)j∈N. The state |φ0〉 is transformed into |φ1〉 = Fi(|φ0〉) with probability pi(|φ0〉), later |φ1〉 is mapped into
|φ2〉 = Fj (|φ1〉) with probability pj (|φ1〉), and so on. If we hoose Wi = √pi 1, then the probabilities are onstant:
pi (|φ〉) = pi for i = 1, . . . , k. An arbitrary QIFS FN determines by formula (1) the operator P ating on probability
measures on PN .
Suh dened QIFS FN annot be hyperboli, sine the quantum map Fi are not ontrations with respet to the
FubiniStudy distane in calPN .
Example 6. Ω = PN ≃ CPN−1, k = 2, p1 = p2 = 1/2, F1(|ψ〉) = U1(|ψ〉) and F2(|ψ〉) = U2(|ψ〉), where the
operators Ui (i = 1, 2) are unitary. In this ase both quantum maps are isometries. Thus the natural Riemannian
(Fubini-Study) measure in PN is invariant, but as we shall see in the next setion, its uniqueness depends on the
hoie of U1 and U2.
B. Mixed states QIFSs
Mixed states are desribed by N−dimensional density operators ρ, i.e., positive Hermitian operators ating in HN
with trae normalized to unity, ρ = ρ†, ρ ≥ 0 and trρ = 1. They may be represented (in a non unique way) as a
onvex ombination of projetors. We shall denote the spae of density operators by MN .
Denition 2. Now we an formulate the general denition of a QIFS as a set
FN := {MN , Gi :MN →MN , pi :MN → [0, 1]; i = 1, ..., k} , (8)
where the maps Gi, i = 1, . . . , k transform density operators into density operators, and for every density operator
ρ ∈MN the probabilities are normalized, i.e.,
∑k
i=1 pi(ρ) = 1.
The above denition of QIFS is more general than the previous one, sine in partiular Gi and pi may be dened
by
Gi (ρ) =
ViρV
†
i
tr
(
ViρV
†
i
)
(9)
5and
pi (ρ) = tr
(
WiρW
†
i
)
(10)
for i = 1, . . . , k and ρ ∈ MN , where the linear maps Vi and Wi are as in Denition 1. Thus, eah QIFS on PN an
be extended to a QIFS on MN . Note that in this ase pi (ρ) = tr(W †i Wiρ). Hene, we an alternatively dene the
probabilities by pi(ρ) = tr (Liρ) (i = 1, . . . , k, ρ ∈ MN), where the linear operators Li are Hermitian, positive, and
fulll the identity
∑k
i=1 Li = 1.
Now the dynamis takes plae in the onvex body of all density matries MN .
The spae of mixed states MN has N2 − 1 real dimensions in ontrast to the
(2N − 2)−dimensional spae of pure states PN . For N = 2 its is just the 3dimensional Bloh ball, i.e., the
volume bounded by the Bloh sphere.
The speial lass of QIFSs is a lass of homogenous QIFSs introdued in more general setting by one of the authors
[27℄. A QIFS is alled homogenous if both pi and Gi ·pi are ane maps for i = 1, . . . , k. The mixed states QIFS being
a generalization of a pure state QIFS and dened by formulas (9) and (10) is homogenous if Wi = Vi for i = 1, . . . , k.
Interesting examples of suh systems ating on the Bloh sphere where reently analyzed by Jadzyk and Öberg [11℄.
For a homogenous QIFS pi and Gi may be interpreted in terms of a disrete measurement proess as the probability
that the measurement outome is i, and the state of the system after the measurement if the result was atually i,
respetively.
A homogenous QIFS generates not only the Markov operator P ating in the spae of probability measures onMN ,
but also the linear, trae-preserving, and positive operator Λ :MN →MN dened by
Λ(ρ) =
k∑
i=1
pi(ρ)Gi(ρ) =
k∑
i=1
ViρV
†
i (11)
for ρ ∈MN .
A mixed state ρ˜ is Λ−invariant if and only if it is the baryenter of some P−invariant measure µ˜, i.e.,
ρ˜ =
∫
MN
ρdµ˜ (ρ) , (12)
see Ref. [27℄.
Example 7. Ω = MN , k = 2, p1 = p2 = 1/2, G1(ρ) = U1ρU †1 and G2(ρ) = U2ρU †2 . This is just Example 6 in
other asting; the normalized identity matrix, ρ∗ = 1/N is Λ−invariant irrespetively of the form of unitary operators
Ui, i = 1, 2. Note that ρ˜ = ρ∗ may be represented as Eq. (12), where the measure µ˜, uniformly spread over PN (the
Fubini-Study measure), is P invariant.
To dene hyperboli QIFSs one needs to speify a distane in the spae of mixed quantum states. There exist
several dierent metris inMN , whih may be appliable (see e.g. Ref. [28, 29℄ and referenes therein). The standard
distanes: the Hilbert-Shmidt distane
DHS(ρ1, ρ2) =
√
tr[(ρ1 − ρ2)2] , (13)
the trae distane
D
tr
(ρ1, ρ2) = tr
√
(ρ1 − ρ2)2 =|| ρ1 − ρ2 ||
tr
, (14)
and the Bures distane [30℄
DBures(ρ1, ρ2) =
√
2
{
1− tr[(ρ1/21 ρ2ρ1/21 )1/2]
}
(15)
the latter based on the idea of puriation of mixed quantum states [31, 32℄, are mutually bounded [33℄. They generate
the same natural topology in MN . Having endowed the spae of mixed state with a metri, we may formulate
immediate onlusion from the theorem on hyperboli IFSs. We dene a hyperboli QIFS as in the previous setion,
and the following proposition holds.
Proposition 1. If a QIFS (8) is homogenous and hyperboli (that is, the quantum maps Gi are ontrations with
respet to one of the standard distanes in MN , pi are Hölder ontinuous and positive), then the assoiated Markov
6operator P possesses a unique invariant measure µ˜. This invariant measure determines a unique Λ−invariant mixed
state ρ˜ ∈ MN given by Eq. (12).
Note that for a homogenous hyperboli QIFS, the sequene Λn(ρ0) tends in the limit n→∞ to a unique invariant
state ρ˜ irrespetively of the hoie of an initial state ρ0 [27℄.
Example 8. Ω = MN , k = 2, p1 = p2 = 1/2, G1(ρ) = (ρ + 2ρ1)/3 and G2(ρ) = (ρ + 2ρ2)/3, where we hoose
the both projetors ρ1 = |1〉〈1| and ρ1 = |2〉〈2| to be orthogonal. Sine both homotheties Gi are ontrations (with
the Lipshitz onstants 1/3) this QIFS is hyperboli and a unique invariant measure µ˜ exists. In analogy with the
IFS disussed in Example 1 we see that the support of µ˜ overs the Cantor set at the line joining both projetors ρ1
and ρ2. However, this is nothing but a rather sophistiated representation of the maximally mixed two-level state
ρ∗ = (ρ1 + ρ2)/2, whih follows from the symmetry of the Cantor set and may be formally veried by performing the
integration presribed by Eq. (12).
C. Completely positive maps and unitary QIFSs
From the mathematial point of view it may be suient to require that the map Λ is positive, that is, it transforms
a positive operator into another positive operator. From the physial point of view it is desirable to require a stronger
ondition of omplete positivity related to a possible oupling of the quantum system under onsideration with an
environment. A map Λ is ompletely positive (CP-map), if the extended map Λ ⊗ 1 is positive for any extension of
the initial Hilbert spae, HN → HN ⊗HE , whih desribes oupling to the environment [34, 35℄.
It is well known that eah trae preserving CP-map Λ (sometimes alled quantum hannel), an be represented
(non uniquely) in the following Stinespring-Kraus form
ρ′ = ΛK(ρ) =
k∑
j=1
VjρV
†
j , with
k∑
j=1
V †j Vj = 1 , (16)
where linear operators Vj (j = 1, . . . , k) are alled Kraus operators [34, 36℄. For any quantum hannel ating in an
N−dimensional Hilbert spae the number of operators k needs not exeed N2 [37℄. Eah quantum hannel an be
treated (but not neessarily uniquely) as a pure or mixed states homogenous QIFS. Conversely, for eah homogenous
QIFS, formula (11) denes a quantum hannel.
If, additionally,
∑k
j=1 VjV
†
j = 1 holds, then Λ(1/N) = 1/N , and the map Λ is alled unital. It is the ase if all
Kraus operators are normal, VjV
†
j = V
†
j Vj (j = 1, . . . , k), however, this ondition is not neessary. A unital trae
preserving CP-map is alled bistohasti. An example of a bistohasti hannel is given by random external elds [38℄
dened by
ρ′ = ΛU (ρ) =
k∑
i=1
pi UiρU
†
i , (17)
where Ui, i = 1, 2, . . . , k are unitary operators and the vetor of non-negative probabilities is normalized, i.e.,∑k
i=1 pi = 1. The Stinespring-Kraus form (16) an be reprodued setting Vi =
√
piUi. Note that the random
external eld (17) may be regarded as a homogenous QIFS of the rst kind (with onstant probabilities) with k
unitary maps Gi(ρ) = UiρU
†
i (i = 1, . . . , k). In partiular, Example 7 belongs to this lass. In the sequel suh QIFSs
will be alled unitary. For a unitary QIFS not only ρ∗ is an invariant state of ΛU , but also the measure δρ∗ is invariant
for the operator PU indued by this QIFS.
Although a unitary QIFS onsists of isometries, the operator ΛU needs not preserve the standard distanes between
any two mixed states. For the Hilbert-Shmidt metri we have
DHS
(
ΛU (ρ1),ΛU (ρ2)
) ≤ DHS(ρ1, ρ2) . (18)
In fat this statement is true for any bistohasti hannels as shown by Uhlmann [39℄, but it is false for arbitrary
CP maps, sine the Hilbert-Shmidt metri is not monotone [40℄. On the other hand, ΛU is a ontration for the
Bures distane (Riemannian) and the trae distane (not Riemannian), whih are monotone and do not grow under
the ation of any CP map [28, 41℄. Choosing for ρ2 the maximally mixed state ρ∗ = 1/N , whih is invariant with
respet to ΛU for any unitary QIFS, we see in partiular that the distane of any state ρ1 to ρ∗ does not inrease
in time. Similarly, the von Neumann entropy given by H(ρ) = tr(ρ ln ρ) for ρ ∈ MN does not derease during the
time evolution (17). On the other hand, the inequality in Eq. (18) is weak, and in some ases the distane may
7remain onstant. The question, under whih onditions this inequality is strong, is related to the problem, for whih
unitary QIFSs the maximally mixed state ρ∗ is a unique invariant state of ΛU . This is not the ase, if all operators
Ui ommute, sine then all density matries diagonal in the eigenbase of Ui are invariant. Suh a situation may
our also in subspaes of smaller dimension. To desribe suh a ase we shall all unitary matries of the same size
ommon blokdiagonal, if they are blok-diagonal in the same basis and with the same bloks. The uniqueness of
the invariant state of a unitary QIFS is then haraterized by the following proposition, the proof of whih is provided
in the appendix A.
Proposition 2. Let us assume that all probabilities pi (i = 1, . . . , k) are stritly positive. Then the maximally
mixed state ρ∗ is not a unique invariant state for the operator ΛU if and only if unitary operators Ui (i = 1, . . . , k)
are ommon blok-diagonal.
It follows from the proof of this proposition that in this ase there exists ρ 6= ρ∗ suh that δρ is an invariant measure
for the operator PU indued by the QIFS.
To show an appliation of Proposition 2 onsider a two level quantum system, alled qubit, whih may be used to
arry a piee of quantum information. Let us assume it is subjeted to a random noise, desribed by the following
map:
ρ→ ρ′ = ΛU (ρ) = (1 − p)ρ+ p
3
[
σ1ρσ1 + σ2ρσ2 + σ3ρσ3
]
. (19)
This bistohasti map, dened by the unitary Pauli matries σi, is alled depolarizing quantum hannel [42℄, and
the parameter p plays the role of the probability of error. This map transforms any vetor inside the Bloh ball
toward the enter, so the length of the polarization vetor dereases. In formalism of QIFSs this quantum hannel is
equivalent to the following example.
Example 9. Ω = P2, k = 4, U1 = 1, U2 = σ1, U3 = σ2, U4 = σ3, p1 = 1− p and p2 = p3 = p4 = p > 0. Sine the
Pauli matries are not ommon blok-diagonal, the maximally mixed state ρ∗ is a unique invariant state of the CP
map (19) assoiated with this unitary QIFS.
To introdue an example of QIFS arising from atomi physis, onsider a two level atom in a onstant magneti
eld Bz subjeted to a sequene of resonant pulses of eletromagneti wave. The length of eah wave pulse is equal
to its period T and it interats with the atom by the periodi Hamiltonian V (t) = V (t + T ). Let us assume that
eah pulse ours randomly with probability p. Thus, the evolution operator transforms any initial pure state by the
operator
U1 = exp(−iH0T/~) (20)
in the absene of the pulse, or by the operator
U2 = Cˆ exp
[
− i
~
(
H0T +
∫ T
0
V (t)dt
)]
(21)
in the presene of the pulse. The unperturbed Hamiltonian H0 is proportional to BzJz (Jz is z omponent of the
angular momentum operator) and Cˆ denotes the hronologial operator. Thus, this random system may be desribed
by the following QIFS.
Example 10. Ω = P2, k = 2, p1 = 1 − p and p2 = p, the Floquet operators U1 (20) and U2 (21) as speied
above. The maximally mixed state ρ∗ = 1/2, orresponding to the enter of the Bloh ball, is the invariant state of
the Markov operator given by Eq. (17). For the ase of a generi perturbation V , the matries U1 and U2 are not
ommon blok-diagonal, and so ρ∗ is the unique invariant state for operator (17) related to the QIFS.
The QIFSs arise in a natural way if onsidering a quantum system ating on HN oupled with an anilla: a state
in an auxiliary m-dimensional Hilbert spae Hm, whih desribes the environment. Initially, the omposite state
desribing the system and the environment is in the produt form, σ = ρA⊗ ρB∗ , where ρB∗ = 1m/m is the maximally
mixed state, but the global unitary evolution ouples two subsystems together. A unitary matrix U of size Nm ating
on the tensor spae HN ⊗ Hm may be represented in its Shmidt deomposition form as U =
∑K
i=1
√
qiV
A
i ⊗ V Bi ,
where the number of terms is determined by the size of the smaller spae, K = min{N2,m2}; the operators V Ai and
V Bi at on HN and Hk respetively, and the Shmidt oeients are normalized as
∑K
i=1 qi = 1. Restriting our
attention to the system A one needs to trae out the variables of the environment B whih leads to the following
quantum hannel (and to the respetive homogenous QIFS):
ρ′A = Λ(ρA) = trB(UσU
†) =
K∑
i=1
qiV
A
i ρAV
A
i
†
. (22)
8Sine for ρA∗ = 1N/N we have Λ(ρ
A
∗ ) = trB(U(ρ
A
∗ ⊗ ρB∗ )U†) = ρA∗ , the CP-map Λ is bistohasti.
IV. QUANTUMCLASSICAL CORRESPONDENCE
To investigate various aspets of the semilassial limit of the quantum theory it is interesting to ompare a given
disrete lassial dynamial system generated by f : Ω → Ω with a family of the orresponding quantum maps,
usually dened as FN : HN → HN with an integer N . Several alternative methods of quantization of lassial maps
in ompat phase spae have been applied to onstrut quantum maps orresponding to baker map on the torus
[43, 44℄, Arnold at map [45℄ and other automorphisms on the torus [46℄, periodially kiked top [47℄ and baker map
on the sphere [48℄.
To speify in whih manner the lassial and the quantum maps are related, it is onvenient to introdue a set
of oherent states |y〉 ∈ HN , indexed by lassial points y of the phase spae Ω. (For more properties of oherent
states and a general denition onsult the book of Perelomov [49℄.) They satisfy the resolution of identity formula:∫
Ω
|y〉〈y|dy = 1, and allow us to represent any state ρ by its Husimi representation, H(y) = 〈y|ρ|y〉i (y ∈ Ω).
Quantization of a lassial map f , whih leads to a family of quantum maps FN is alled regular, if for almost
all lassial points x the lassial and the quantum images are onneted in the sense that the normalized Husimi
distribution of the state FN |y〉 integrated over a nite viinity of the point f(y) tends to unity in the limit N → ∞
[50℄. Another method of linking a lassial map with a family of quantum maps is based on the Egorov property,
whih relates the lassial and the quantum expetation values [51, 52℄.
In a similar way we may onstrut QIFSs related to ertain lassial IFSs. More preisely, a sequene of pure states
QIFS FN = {PN ;Fi,N , pi,N : i = 1, . . . , k} indued by two sets of linear maps Vi,N ,Wi,N : HN → HN (i = 1, . . . , k)
(see (5) and (6)) is a quantization of a lassial IFS FCl = {Ω;Fi, pi : 1, . . . , k}, when:
• the funtions Fi,N are quantum maps obtained by quantization of the lassial maps fi;
• the probabilities pi,N omputed at oherent states |y〉 fulll
pi,N (|y〉〈y|) = ‖Wi,N (|y〉)‖2 N→∞−→ pi(y) for y ∈ Ω and i = 1, ..., k . (23)
To illustrate the proedure let onsider random rotations on the sphere, performed along x or z axis. This speial
ase of Example 4 may be easily quantized with the help of the omponents Ji (i = x, y, z) of the angular momentum
operator J , satisfying the standard ommutation relations, [Ji, Jj] = ǫijkJk. The size of the Hilbert spae is determined
by the quantum number j as N = 2j + 1.
Example 11. k = 2, random rotations are given as the following
a) lassial, FCl = {Ω = S2, f1 = Rz(θ1), f2 = Rx(θ2), p1 = p2 = 1/2}. The Lebesgue measure on the sphere is an
invariant measure of this IFS.
b) quantum, FN = {Ω = PN , F1 = exp(iθ1Jz), F2 = exp(iθ2Jx), p1 = p2 = 1/2}. Sine both unitary operators
are not ommon-blok diagonal, due to Proposition 2, the maximally mixed state ρ∗ is a unique invariant state for
operator (11) to the QIFS FN .
A quantization of an IFS of the seond kind is given by the following modiation of the previous example.
Example 12. k = 2, random rotations on the sphere with varying probabilities depending on the latitude θ
omputed with respet to the z axis.
The spaes and the funtions are as in Example 11, but
a) lassial IFS FCl: p1 = (1 + cos θ)/2 and p2 = (1− cos θ)/2;
b) quantum IFS FN : p1 = 1/2 + 〈Jz〉/2j and p2 = 1/2− 〈Jz〉/2j with N = 2j + 1. Interestingly, this modiation
inuenes the number of invariant states of the IFS. Sine p2 vanish at the north pole, θ = 0, of the lassial sphere
S2, this point is invariant with respet to FCl. Similarly, the orresponding quantum state |j, j〉 loalized at the pole
is invariant with respet to the QIFS FN .
The above examples of unitary QIFS dealt with simple regular maps  rotations on the sphere. However, an IFS
may also be onstruted out of nonlinear maps, whih may lead to deterministi haoti dynamis. For instane, one
may onsider the map desribing periodially kiked top. It onsists of a linear rotation with respet to x axis by angle
α and a nonlinear rotation with respet to z axis by an angle depending on the z omponent. In a ompat notation the
lassial top reads, TCl(α, β) := Rz(zβ)Rx(α), while its quantum ounterpart, ating in the N = 2j + 1−dimensional
Hilbert spae an be dened by TQ(α, β) := exp(−iβJ2z /2j) exp(−iαJx) [47℄. This quantum map beomes one of the
important toy model often studied in researh on quantum haos [53℄. A ertain modiation of this model, in whih
9the kiking strength parameter β was hosen randomly out of two values, was proposed and investigated by Sharf
and Sundaram [54℄. This random system may be put into the QIFSs formalism.
Example 13. Randomly kiked top.
a) lassial, FCl = {Ω = S2, f1 = TCl(α, β), f2 = TCl(α, β +∆), p1 = p2 = 1/2}.
b) quantum, FN = {Ω = PN , F1 = TQ(α, β), f2 = TQ(α, β +∆), p1 = p2 = 1/2}. For α > 0 and a positive ∆ both
unitary operators are not blok-diagonal, so the maximally mixed state ρ∗ is a unique invariant state for operator
(11) related to the unitary QIFS. Our numerial results obtained for α = π/4, β = 2 and ∆ = 0.05 suggest that the
trajetory of any pure oherent state onverges to the equilibrium exponentially fast.
To disuss a quantum analogue of an IFS with a fratal invariant measure onsider the lassial IFS presented in
Example 3. The lassial phase spae Ω is equivalent to the torus. For pedagogial purpose, let us rename both vari-
ables x, y into q, p, represented anonially oupled position and momentum. We shall work in N = 3L−dimensional
Hilbert spae. Let |j〉q with j = 1, ..., N be eigenstates of the position operator, and similarly |l〉p with l = 1, ..., N be
the eigenstates of the momentum operator. Both bases are related by |l〉p =
∑N
j=1Wlj |j〉q, where the matrixW is the
N point disrete Fourier transformation with Wlj = (1/
√
N)e−2piilj/N . The lassial map f1 in Eq. (3), representing
a threefold ontration in the x diretion, orresponds to the transformation G1 of the density operator given by
G1(ρ) =
L∑
i,j=1
|i〉q
(
2∑
m,n=0
〈3i+m|qρ|3j + n〉q
)
〈j|q . (24)
In a similar way, the quantum map G2 orresponding to f2 is dened by
G2(ρ) =
3L∑
i,j=2L+1
|i〉q
(
2∑
m,n=0
〈3i+m|qρ|3j + n〉q
)
〈j|q . (25)
The maps G3 and G4 are obtained in analogous way like G1 and G2, using the eigenstates of momentum operator
|k〉p,
G3(ρ) =
L∑
k,l=1
|k〉p
(
2∑
m,n=0
〈3k +m|pρ|3l + n〉p
)
〈l|p , (26)
G4(ρ) =
3L∑
k,l=2L+1
|k〉p
(
2∑
m,n=0
〈3k +m|pρ|3l + n〉p
)
〈l|p . (27)
The random system dened below may be onsidered as a QIFS related to the IFS introdued in Example 3.
Example 14. Quantum tartan speied by the following QIFS: FN = {Ω = PN , k = 4, G1, G2, G3, G4; p1 = p2 =
p3 = p4 = 1/4}.
An invariant states for the maps Λ indued by this QIFS are illustrated in Fig. 1 for N = 34, N = 35 and N = 36.
Invariant quantum state ρ∗ is shown in the generalized Husimi representation
Hρ(p, q) =
1
2π
〈q, p|ρ|q, p〉
〈q, p|q, p〉 , (28)
based on the set of oherent states on the torus |q, p〉 = Y Np−N/2XNq−N/2|κ〉. The referene state |κ〉 is hosen as
an arbitrary state loalized in (1/2, 1/2)
〈n|κ〉 = (2/N)−1/4e−pi(n−N/2)2/N−ipin , (29)
while X denotes the operators of shift in position X |j〉 = |j+1〉, with an identiation |j+N〉 = |j〉 for j = 1, . . . , N .
Similarly Y shifts the momentum eigenstates, Y |l〉 = |l + 1〉 and |l + N〉 = |l〉 for l = 1, . . . , N . The quantum state
|q, p〉 is well loalized in the viinity of the lassial point (q, p) on the torus [55℄. This representation of quantum
states orresponding to the lassial system on the torus was used in the analysis of an irreversible quantum baker
map [56℄.
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Figure 1: "Tartan-like" invariant density of the QIFS dened in Example 14 for (a)N = 3
4
, (b) N = 3
5
, and () N = 3
6

dimensional Hilbert spae, shown in the generalized Husimi representation. Invariant measure of the orresponding lassial
IFS on the torus Eq. (3) oupies a fratal set (d).
The larger value of N , the ner struture of the invariant state ρ∗ is visible in the phase spae. In the semilassial
limit N → ∞, (whih means ~ → 0) the invariant state ρ∗ tends to be loalized at the fratal support of the
invariant measure of the lassial IFS, shown for omparison in Fig. 1. Stritly speaking, for any nite N , the
Husimi distribution of the quantum state ρ∗ does not posses fratal harater, sine self-similarity has to terminate
at the length sale omparable with
√
~. In other words, quantum eets are responsible for smearing out the fratal
struture of the lassial invariant measure. However, the lassial fratal strutures may be approximated with an
arbitrary auray by quantum objets in the semilassial limit [57℄.
V. CLOSING REMARKS
Classial iterated funtion systems display several interesting mathematial properties and may be applied in various
problems from dierent branhes of physis. In this work we have generalized the formalism of IFSs introduing the
onept of QIFSs. Quantum iterated funtion systems may be dened in the spae of pure states on a nite dimensional
Hilbert spae HN , or more generally, in the spae of density operators ating on HN . As their lassial analogues,
QIFSs allow a ertain degree of stohastiity, in the sense that at eah step of time evolution the hoie of one of the
presribed quantum maps is random.
This formalism is useful to desribe several problems of quantum mehanis, inluding non-unitary dynamis,
proesses of deoherene and quantum measurements. In fat, the large lass of quantum hannels, alled random
external elds may serve diretly as examples of a QIFS. Furthermore, for several lassial IFSs one may onstrut the
orresponding QIFSs and analyze the similarities and dierenes between them. As shown in the last example, one
may fous on the fratal properties of invariant measures of some lassial IFSs and study their quantum ounterpart.
Thus the onept of QIFS allows one to investigate the semilassial limit of random quantum systems.
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Appendix A: PROOF OF PROPOSITION 3
We start from the following lemma:
Lemma 1. Let U = (Unm)n,m=1,...,N be an N−dimensional unitary matrix. Assume that there exist two non-
empty sets of indies A and B suh that: A ∪ B = I := {1, . . . , N} and A ∩ B = ∅. Then, Unm = 0 for n ∈ A and
m ∈ B, implies Unm = 0 for n ∈ B and m ∈ A.
Proof of the lemma: We ompute the number of elements of the set A:
|A| =
∑
n∈A
∑
m∈I
|Unm|2
=
∑
n∈A
∑
m∈A
|Unm|2 +
∑
n∈A
∑
m∈B
|Unm|2
=
∑
n∈A
∑
m∈A
|Unm|2
=
∑
n∈I
∑
m∈A
|Unm|2 −
∑
n∈B
∑
m∈A
|Unm|2
= |A| −
∑
n∈B
∑
m∈A
|Unm|2 ,
and so
∑
n∈B
∑
m∈A |Unm|2 = 0, as required.
Now we turn to the proof of Proposition 3.
⇒) Let Ui (i = 1, , . . . , k) be blok-diagonal in the ommon base, and let dimension of the bloks be α1, . . . , αL,
where
∑L
j=1 αj = N . Dene a diagonal density matrix as a diret sum
ρ :=
L⊕
j=1
σj
αj
1αj , (A1)
where
∑L
j=1 σj = 1. Then, UiρU
†
i = ρ for every i = 1, . . . , k. Hene ρ is ΛU−invariant and δρ is a PU−invariant
measure on PN for an arbitrary hoie of (σj)j=1,...,L.
⇐) Let ρ be an invariant state for ΛU suh that ρ 6= ρ∗. Then ρ an be written in the form
ρ =
N∑
n=1
σn|Ψn〉〈Ψn| , (A2)
where |Ψm〉 ∈ PN , 〈Ψn|Ψm〉 = δnm (n,m = 1, . . . , N), and σ1 ≤ σ2 ≤ · · · ≤ σN ; σ1 ≤ 1/N . For γ ∈ [0, 1] the
density operator ρ′ = γρ + (1 − γ)ρ∗ =
∑N
n=1 σ
′
n|Ψn〉〈Ψn|, where σ′n = γσn + (1− γ)N−1 (n = 1, . . . , N) is also an
invariant state for ΛU . Put γ := 1/(1− σ1N). This hoie implies σ′1 = 0 and
∑N
n=1 σ
′
n = 1. Assume that σ
′
n = 0 for
n = 1, . . . , n′ and σ′n > 0 for n = n
′ + 1, . . . , N , where n′ ≥ 1. The equation ΛU (ρ′) = ρ′ an be rewritten in the form
σ′n =
k∑
i=1
pi
N∑
m=1
|(Ui)nm|2σ′m , (A3)
where (Ui)nm (n,m = 1, . . . , N) are the elements of matries Ui (i = 1, . . . , k) in the basis (|Ψn〉)n=1,...,N .
For n = 1, . . . , n′ we get
0 =
k∑
i=1
pi
N∑
m=n′+1
|(Ui)nm|2σ′m . (A4)
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Hene (Ui)nm = 0 for n = 1, . . . , n
′
and m = n′ + 1, . . . , N . Using Lemma 1, we dedue that (Ui)nm = 0 for
n = n′ + 1, . . . , N and m = 1, . . . , n′. Thus Ui (i = 1, . . . , k) are ommon blok-diagonal.
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